The Mathieu functions are used to solve analytically some problems in elliptical cylinder coordinates. A computational toolbox was implemented in Matlab. Since the notation and normalization for Mathieu functions vary in the literature, we have included sufficient material to make this presentation self contained. Thus, all formulas required to get the Mathieu functions are given explicitly. Following the outlines in this presentation, the Mathieu functions could be readily implemented in other computer programs and used in different domains. Tables of numerical values are provided. * Electronic address: ecojocaru@theory.nipne.ro
I. INTRODUCTION
Some problems regarding the elliptical cylinders can be solved by using an analytical approach like that applied to circular cylinders: one separates the variables and the exact solution is given by expansions involving angular and radial Mathieu functions. These functions have been introduced by Emile Mathieu in 1868 by investigating the vibrating modes in an elliptic membrane [1] . Details (tables or relations) concerning the Mathieu functions can be found for example in [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12] . For circular cylinders the solutions involve readily available trigonometric and Bessel functions, while for elliptical cylinders there are still controversial and incomplete algorithms for computing the Mathieu functions. Largely applied computer programs provide only few or none routines refering to the Mathieu functions.
A computational toolbox for Mathieu functions was implemented in Matlab [13] . Since not all people are familiarized with the Matlab program, in this presentation the mathematics is outlined. Tables of numerical values are provided. Following the outlines in this presentation, it would be a readily task to implement the Mathieu functions in other computer programs and use them in different domains.
One reason for the lack of algorithms for Mathieu functions was probably the complicated and various notation existent in the literature. A main purpose for us was to simplify as much as possible the notation. With a simplified and self-contained notation, the use of Mathieu functions should be as simple as the use of Bessel functions. We largely followed the notations used by Stratton [6] and Stamnes [11, 12] , but we introduced further simplifications. Since the notation and normalization for Mathieu functions vary in the literature, we have included sufficient material to make this presentation self contained. Thus, all formulas required to get the Mathieu functions are given explicitly. Tables of numerical values are provided. Examples of Mathieu functions applied to plane wave scattering by elliptical cylinders are given in [14, 15] .
II. FUNDAMENTALS A. Elliptical cylinder coordinates
Let consider an ellipse in the plane (x, y) defined by equation (x/x 0 ) 2 + (y/y 0 ) 2 = 1 with x 0 > y 0 . The semifocal distance f is given by f 2 = x 2 0 − y 2 0 and the eccentricity is e = f /x 0 < 1. The elliptic cylindrical coordinates (u, v, z) are defined by relations
with 0 ≤ u < ∞ and 0 ≤ v ≤ 2π. In terms of (ξ, η, z), with ξ = cosh u and η = cos v, the elliptic cylindrical coordinates are defined by relations
The contours of constant u are confocal ellipses (of semiaxes x 0 = f ξ, y 0 = f ξ 2 − 1) and those of constant v are confocal hyperbolas. The z axis coincides with the cylinder axis.
The scale factors h j , with j = ξ, η, z, are defined like as for any coordinate transformation [6] ,
B. Wave equation in elliptic cylindrical coordinates
The scalar wave equation (∇ 2 + k 2 )U (r) = 0, where r is the position vector, k is the wave number, k = 2π √ /λ, is the permittivity, and λ is the wavelength in vacuum, when expressed in elliptic cylindrical coordinates becomes 2 f 2 (cosh 2u − cos 2v)
Using a solution of the form
where k z is the wave vector component on
, and a is separation constant. Equation (5) has solution Z(z) = exp (ik z z). Equations (6) and (7) are known as the angular and radial Mathieu equations, respectively.
III. ANGULAR MATHIEU FUNCTIONS
In this presentation, only the periodic solutions of period π or 2π are considered. For a given order n, there are four categories of periodic solutions satisfying (6), 1 even-even:
3 odd-even: 
A. Characteristic values and coefficients
By subsituting (8) in (6), the following recurrence relations among the expansion coefficients result 1 even-even:
2 even-odd:
3 odd-even:
oe − qA
4 odd-odd:
The recurrence relations can be written in matrix form [11] , 1 even-even:
The matrices are real, tridiagonal, and symmetric for all categories, with the exception of the "1 even-even" category where the matrix is slightly non-symmetric. The eigenvalue problem is accurately solved in Matlab. In other computer programs it could be necessary to transform the slightly non-symmetric matrix in a symmetric one [11] . Both the eigenvalues a and the corresponding eigenvectors (A pm , with p, m = e, o) are determined for either category at any order n. The order n takes different values for each category of Mathieu functions. For the purpose of avoiding any confusion, a distinction must be done between the n th order (in the succession of all orders) and the true value of that order. Thus, let denote n the order in the succession of all orders, and t the true value of order n. The values of n and t for the four categories of Mathieu functions are 1 even-even:
Note that, if the notation is self-contained by all routines of Mathieu functions, there is no need to determine the specific values of n and t for either category of Mathieu functions since it is done automatically.
B. Normalization and orthogonality
Following [6, 11] , the angular Mathieu functions are normalized by requiring that
These requirements imply that, 1 even-even:
The orthogonality relation for the angular Mathieu functions is
where N pm is normalization factor, δ m m equals 1 if m = m and equals 0 otherwise. Then, the following relations for the normalization factor result, 1 even-even:
Since different normalization schemes have been adopted in the literature, much attention should be paid when numerical results provided by different authors are compared ones against the others. 
Using (8) gives 1 even-even:
oe (q , n),
D. Derivatives of angular Mathieu functions
The derivatives of the angular Mathieu functions follow readily from (8),
IV. RADIAL MATHIEU FUNCTIONS
Solutions of (7) can be obtained from (8) by replacing v by iu. Instead of sin v and cos v, the terms of the series now involve sinh u and cosh u. The convergence is low unless |u| is small. Better convergence of series results by expressing the solutions of (7) in terms of Bessel functions associated with the same expansion coefficients that are determined once for both the angular and radial Mathieu functions. Either pair of angular and radial Mathieu functions are proportional to one another [6] ,
where J ep are even radial Mathieu functions of the first kind and g ep are joining factors.
When u = 0,
Thus, one obtains, 1 even-even:
Similarly [6] ,
Thus, one obtains, 3 odd-even:
Remember that t is the true value of order n.
A. Radial Mathieu functions of the first kind
Since rapidly converging series are those expressed in terms of products of Bessel functions [10, 11] , in the following relations refer only to them. Similarly to the angular Mathieu functions, one may distinct four categories of radial Mathieu functions of the first kind which are denoted J pm (u, q, n), with p, m = e, o, 1 even-even:
oe (q, n)
B. Radial Mathieu functions of the second kind
A second independent solution of (7) is obtained by replacing the Bessel functions of the first kind J n (v 2 ) in (30) by the Bessel functions of the second kind Y n (v 2 ) [10, 11] . This solution is denoted Y pm (u, q, n), with p, m = e, o.
1 even-even:
The derivatives of the radial Mathieu functions of the second kind are 1 even-even:
C. Radial Mathieu functions of the third and the fourth kinds
Radial Mathieu functions of the third kind, analogous to the Hankel functions of the first kind are defined as follows [6, 11] 
Similarly, radial Mathieu functions of the fourth kind, analogous to the Hankel functions of the second kind are defined as follows [6, 11] (eigenvectors). In [13] , this is done by routine "eig Spm" which has q as input parameter (see Table I ). Besides q, the function code KF should be specified. Thus, if KF = 1, the routine "eig Spm" solves the eigenvalue problem for category "1 even-even" of Mathieu functions, if KF = 2 for category "2 even-odd", and so on. The number of expansion coefficients is the same, it is set equal to 25, for all categories of Mathieu functions.
Concerning the outputs of routine "eig Spm", va is a line vector representing the characteristic values a for all the 25 orders; mc is 25 × 25 matrix, where the columns represent the eigenvectors (that is, the expansion coefficients) for all orders; vt is a column vector specifying the true value t for all orders. Note that the eigenvectors in mc were processed to obey equation (18). For the purpose to save the time of computation, all the other routines have mc as input (see Table I ), the routine "eig Spm" being called once, at the beginning of the computation, for any values of coordinates u and v that intervene in that computation. Since in many cases the convergence is assured by the first several orders, all the other routines have nmax ≤ 25 as input. It means that those routines take into account only the first nmax orders, but for either order the length of the corresponding eigenvector is the same, equal to 25. The routine "extract one value" can be used to get a single value, and the routine "extract one column" to get a single eigenvector, corresponding to the order t. The derivatives of S pm , with p, m = e, o, are computed by routine "dSpm". For both "Spm" and "dSpm", v is expressed in radians, with values in interval (0, 2π). The normalization, correlation, and joining factors are computed by routines "Npm", "Cpm", and "gpm", respectively. The four kinds of radial Mathieu functions, J pm , Y pm , H pm1 , and H pm2 , with p, m = e, o, are computed by routines "Jpm","Ypm","Hpm1", and "Hpm2", respectively, and their derivatives with respect to u by routines "dJpm","dYpm","dHpm1", and "dHpm2", respectively.
Numerical values of the separation constant a, of the angular Mathieu functions S pm and their derivatives S pm , with p, m = e, o, where the prime denotes differentiation with respect to v, are given in Tables II-IV . They can be compared with data in [2] . With the purpose to facilitate the comparison, since in [2] the normalization N pm = π is applied, the data of S pm and S pm in Tables II-IV and compared with data in [9] . Note that S ep is correlated to the radial Mathieu function of the first kind J ep by Eq. (24), whereas S op is correlated to J op by Eq. (27). We found extract one column y=extract one column(KF, t, mc) Extracts one column from mc at given t.
extract one value y=extract one value(KF, t, vec) Extracts one value from vec at given t. 
